We discuss a Coulomb gas realization of n-point correlation functions in the SL(2, R) Wess-Zumino-Witten (WZW) model that is suitable to compute scattering amplitudes of winding strings in 3-dimensional Anti-de Sitter space at tree-level and one-loop. This is a refined version of previously proposed free-field realizations that, among other features, accomplishes to make the H + 3 WZW-Liouville correspondence manifest.
Introduction
access to the worldsheet formulation and solve the theory at quantum level.
If Poincaré coordinates are used to describe AdS 3 space, the metric in the accessible patch takes the form ds 2 = ℓ 2 (dφ 2 + e 2φ dγdγ), (2.1) where ℓ is the radius of the spacetime. The near boundary region of AdS 3 corresponds to large values of φ. In these coordinates, the B-field configuration needed to support this background takes the form B = ℓ 2 e 2φ dγ ∧ dγ.
2)
The relevant parameter in the story is the ratio between the radius of the spacetime and the string length scale; namely
3)
which controls the classical limit of the worldsheet theory, large k corresponding to the semiclassical limit ℓ 2 > ℓ 2 s = α ′ . The value of k corresponds to the level of the WZW action. Introducing auxiliary fields β,β and taking into account quantum corrections, the worldsheet string action on the background (2.1)-(2.2) takes the form [10] S M = 1 2π
In these coordinates, the worldsheet CFT action involves a scalar field φ ∈ R ≥0 and a β-γ commuting ghost system. The term linear in φ couples to the two-dimensional curvature R of the worldsheet; it introduces a background charge and, in the string theory language, it represents a linear dilaton configuration
. (2.5)
The factor (k − 2) −1/2 in the dilaton term comes from quantum corrections. In the path integral approach, this can be seen to arise when integrating over β,β. This produces a kinetic piece − 2 π d 2 z∂φ∂φ and a background charge term 1 4π d 2 zRφ in the effective action [11, 12] . This results in (2.4) by simply rescaling φ. The integration over β,β also produces a factor | det ∂∂| −1 . On the Riemann sphere, this factor can be absorbed in the normalization of the partition function. On the torus, because of the existence of twisting sectors and the dependence on the modular parameter, this factor deserves special attention [13] .
The value of the constant M in (2.4) can be set to 1 by shifting φ → φ + k−2 2 log M . This is, in fact, shifting the zero-mode of the dilaton (2.5). Therefore, one may associate M with the string coupling constant, namely M = g 2 s .
(2.6) φ(z)φ(w) = − log(z − w), β(z)γ(w) = 1 (z − w) , (2.10) the operator product expansion (OPE) of currents (2.7)-(2.9) realizes the sl(2) k affine KacMoody algebra in the following way
+ O(1) (2.12)
where O(1) stands for regular terms. The interaction term in (2.4) has a regular OPE with the currents, so it preserves the full sl(2) k ⊕ sl(2) k symmetry. Through the Sugawara construction, the stress-tensor of the theory can be obtained from the currents (2.7)-(2.9). This yields T SL(2,R) = β(z)∂γ(z) − 1 2 ∂φ(z)∂φ(z) − 1 14) together with its anti-holomorphic counterpartT (z). The central charge of the worldsheet theory is 15) which, as expected, tends to 3 in the large k limit. When the theory is formulated on AdS 3 × N space, the value (2.15) is complemented with the central charge of the internal CFT that describes the worldsheet theory on N . The spectrum of the theory is defined by Virasoro highest-height representations. These representations are build from Kac-Moody Verma moduli. Hermitian integrable representations for the H Starting from these states one constructs the spectrum of the Euclidean theory. The string theory in Lorentzian AdS 3 corresponds, instead, to the WZW model on SL(2, R). The latter can be defined by analytic continuation from the H + 3 model. This amounts to consider, in addition to the continuous series (2.16), the SL(2, R) discrete representations 1 j ∈ R; m = −j + n, n ∈ Z ≥0 .
(2.17) and j ∈ R; m = j − n, n ∈ Z ≥0 . (2.18)
In terms of j, m, andm the angular momentum and the kinetic energy of strings in AdS 3 are given by m −m and m +m, respectively. However, these are not all the relevant physical quantities that is necessary to consider to describe the string spectrum. A crucial step to define the theory was the observation of the necessity of including infinite new representations, which are constructed from the ones described above by acting with spectral flow automorphism of sl(2) k affine algebra [1] . These new representations are labeled by an additional integer parameter ω, whose physical interpretation is that of the winding number of the strings 2 .
As said before, this winding number is not topological, but it is due to the presence of the NS-NS B-field (2.2). This implies that the total winding number does not have to be necessarily conserved in a generic scattering process. A remarkable result is that, in a tree-level process involving n strings in AdS 3 , the total winding number ∆ω = ω 1 + ω 2 + ... + ω n can indeed be violated, but its violation is bounded by |∆ω| ≤ n − 2. This result had been originally observed for the SL(2, R)/U (1) WZW model in an unpublished paper [15] , and it was later explained in Ref. [3] in terms of the symmetries of the theory. The scattering process violating winding number have been first computed in Ref. [6] , and the result was later re-derived by different methods in Refs. [16, 3, 8, 9] . In Ref. [9] , it has been argued that n-string tree-level scattering processes in AdS 3 that violate the winding number in |∆ω| units can be expressed in terms of a convolution of (2n − 2 + |∆ω|)-point functions of Liouville field theory on the sphere. The case |∆ω| < n − 2 was proven in [9] and an educated conjecture has been made for the case |∆ω| = n − 2. The latter case was later proven in Ref. [17] by means of the Coulomb gas formalism proposed in [7] . This formalism, which is similar to the one we will consider in this paper, consists of describing the theory on AdS 3 in terms of the WZW model on the product SL(2, R)/U (1) × U (1). While the SL(2, R)/U (1) coset theory describes string theory on the Euclidean black hole background [18] , the extra timelike direction U (1) describes the time of the Lorentzian geometry. The idea of describing spectrally flowed sectors of the theory by modding-out a U (1) current and subsequently adding it back, mimics the realization of spectral flow in N = 2 super-conformal algebra, and in the context of AdS 3 string theory was first suggested in [1] . Here, we will consider the Coulomb gas formalism proposed in [7] and further extend it. Let us begin by describing the theory on the coset in the next subsection.
The coset construction
The coset SL(2, R)/U (1) construction can be accomplished by supplementing the SL(2, R) model by adding an extra scalar field X(z) = X L (z) + X R (z) and a c = −2 fermionic B-C
1 To be precise, since in order to avoid closed timelike curves here we are considering the universal covering of AdS3, the representations to be considered are those of the universal covering of SL(2, R), and in particular this implies that j is not restricted to take semi-integer values.
2 Strictly speaking, this interpretation is accurate for the so-called "long strings", which correspond to the states of the continuous representations. For such states, in contrast with the "short strings" (2.17)-(2.18), one has a notion of asymptotic states and, consequently, of S-matrix.
ghost system [19, 20, 21] . This amounts to supplement the stress-tensor (2.14) with two extra pieces, namely 20) and analogously for the anti-holomorphic counterpart. This yields the central charge
The BRST charge associated to the U (1) of the coset is
This means that the vertex operators creating physical states of the theory on the coset have to have regular OPE with the current J 3 − i k/2∂X. Such operators are 22) where j, m andm are isospin variables that label the SL(2, R) × SL(2, R) representations. The conformal dimension of these operators is
Adding the spectrally flowed sectors
Spectral flow automorphism of sl(2) k affine algebra generates new representations [1] . The Virasoro primary states corresponding to the spectrally flowed sectors of the spectrum represent the winding strings, characterized by the extra quantum number ω ∈ Z. A free field realization of such states was achieved by considering the theory on the product SL(2, R)/U (1) × U (1). This amounts to add to the coset construction discussed above an extra timelike free boson T (z). Explicitly, one improves the currents as 3
with T (z)T (w) = + log(z − w) (2.26) and its anti-holomorphic counterpart. These currents reproduce the OPE (2.11)-(2.13).
Now, let us compose the theory on the product SL(2, R)/U (1)×U (1) and study the spectrum. The states of the theory are given by representations of SL(2, R) × SL(2, R), including the spectral flow quantum number ω. Let us denote these states by |j, m,m, ω . They are created by operators
where h.c. stands for the anti-holomorphic part 4 . These operators are the product of operators (2.22) and the exponential operators that carry the charge under T (z). This charge corresponds to the total energy E = m +m + kω. Unlike ω, the energy is conserved in the scattering processes. Operators (2.27) create the in-states |j, m,m, ω from the SL(2, R) invariant vacuum |0 ; namely lim
The out-states are given by
where h ω j,m is the value of the conformal dimension of V ω j,m,m , given by
The OPE of the vertex operators (2.27) and the currents is
This means that states |j, m,m, ω are also eigenstates of the J 3 (z),J 3 (z) currents (2.25), with eigenvalues These Z 2 symmetries allow us to consider here correlation functions with ω 1 +ω 2 +...+ω n ≤ 0 without loss of generality.
Conjugate vertex representations
Apart from the Wakimoto type representation (2.27), to which we will refer as "standard representation", there exists another free-field representation of Virasoro primaries with conformal dimension (2.30) and OPE (2.31)- (2.32) . This second representation is constructed by considering in the coset SL(2, R)/U (1) the free field realization of discrete states proposed in Ref. [19] and adding to it the charge under the field T (z). Explicitly, the operators take the form
where (Z j,mZj,m ) −1 is a normalization factor to be conveniently fixed. The β-dependent operators (2.36) are reminiscent of the Dotsenko conjugated representation of the SU (2) WZW theory [22, 23] . They create conjugate in-states from a conjugate vacuum 0 ; namely, It is possible to verify that, with this normalization, the OPE with the currents also gives 
with c being a constant independent of j, m, andm. We will adopt (2.41) for convenience. For computing correlation functions in the Coulomb gas (free field) approach, it is crucial the inclusion of screening operators [21, 7, 6] . These are operators of conformal dimension (1, 1) that, in addition, have regular OPE with the sl(2) k currents (up to a total derivative).
The screening operators of the SL(2, R) WZW theory are
and
While (2.42) corresponds to the interaction term appearing in (2.4) and, therefore, can be understood simply in terms of the path integral approach to the σ-model, the physical interpretation of dual screening operator (2.43) is less clear. The latter can be associated to worldsheet instanton effects. In Ref. [6] , it has been shown that operator (2.43) can be consistently used to compute WZW correlation functions, leading to the exact result. Here, instead, we will consider only the usual screening operator (2.42).
The theory also contains other special operators. Such is the case of the dimension-(0, 0) operatorṼ
which can also be associated to representations (2.27) as follows
This operator has been dubbed in Ref. [3] "spectral flow operator", and, following the prescription originally proposed in Ref. [15] , it was used to compute correlation functions that violate winding number conservation. In the unpublished paper [15] , operator (2.44) was referred to as "conjugated representation of the identity operator".
Other interesting objects are the dimension-(1, 1) operators
The latter will be very important in our discussion later.
Correlation functions
We are interested in computing n-point correlation functions of Virasoro primary operators in the WZW theory. Formaly, these observables are the expectation values
where here the superscript ∆ω refers to the total winding number in the correlators 5 . We will follow the prescription for computing correlation functions presented in Ref. [7] and eventually propose a refined version of it that is suitable for the genus-1 generalization. The prescription of [7] is the following: Consider the correlation function
which involves both fields of the standard representation (2.27) and the conjugate representation (2.36). The first question is which representation has to be used to describe the in-state |j, m,m, ω , i.e. whether one has to resort to the standard representation (2.27) or to the conjugated representation (2.36). The bottom line of the next subsection will be that, in fact, one can actually make use of any of these representations. The only detail to be taken into account is that, depending on which representation one decides to use, the charge compensation condition to consider has to be consistent with such choice. We define the out-state in the correlator as
and the in-state as |j n , m n ,m n , ω n = lim
or alternatively as in (2.28); see subsection 2.5.
In the Coulomb gas approach [21, 6] , the correlators involve, in addition, s integrated screening operators S + ; more precisely, the correlators take the form
where
, and where the subscript M = 0 refers to the fact that the correlator (2.54) is defined in terms of the free action, i.e. M = 0 in (2.4).
Charge compensation conditions in (2.54) are defined by demanding the fields in the correlators to equal the charges of the conjugate identity operator (2.44), [22, 23] . In particular, if one considers (2.52), the compensation of the charge associated to the field φ(z) demands
which follows from the fact thatṼ 0 0,0,0 (z) has charge −k/2 under φ(z). Analogously, the compensation of the charge associated to the field X(z) reads
expressing the fact that the charge ofṼ 0 0,0,0 associated to that field is also −k/2. The compensation of the charge associated to the field T (z), which expresses the energy conservation, reads
and, then, equations (2.55)-(2.57) imply the total winging number violation
That is, the total winding number (non-)conservation in (2.54) depends on p, i.e. on the relative amount of operators in the representation (2.27) or in the representation (2.36) one decides to include in the correlator. Such is the prescription proposed in Ref. [7] , which has been used in Ref. [6] to compute both winding preserving and winding violating string amplitudes. In Ref. [17] , the case p = 1 with generic n, i.e. the maximally violating amplitude, has been studied in relation to a previous conjecture about the functional form of such observables [9] .
The charge compensation conditions (2.55)-(2.58) also yield a condition for the relative amount of β and γ ghost fields in (2.54). If one denotes by N β (X ∆ω n ) and N γ (X ∆ω n ) the amount of operators β and γ included in a given correlator X ∆ω n , respectively, this condition reads
This follows from N β (Ṽ 0 0,0,0 ) = N γ (Ṽ 0 0,0,0 ) = 0. Similar condition has been considered, for instance, in Ref. [24] . However, this is not the relation obtained from the path integral approach when integrating over the zero-modes of the ghost fields. In fact, one rather obtains [21] 
Then, the question is how to find a prescription for computing amplitudes that, while being consistent with the method of [7] and the result (2.58), is at the same time consistent with the condition (2.60) arising in the path integral approach. This question is motivated by the fact that having such a path integral realization would be useful to extend the computation to higher loops. Such a prescription is actually possible and we will discuss it in the next subsection.
Alternative representation and path integral
The main idea to obtain the condition (2.60) within the prescription of Ref. [7] is to describe the in-state |j n , m n ,m n , ω n in terms of the representation V ω −1−j,m,m (z) instead ofṼ ω j,m,m (z); namely, consider
where, instead of defining the charge compensation condition with respect to the conjugate identityṼ 0 0,0,0 (z), we have to do it with respect to the Weyl-reflected version of the operator V 0 0,0,0 = 1; that is, with respect tô
The first of these charge compensation conditions is given by requiring the difference between the amount of fields β and fields γ in the correlator X ∆ω n to be equal to the difference between the amount of fields β and fields γ in the conjugated identity operator (2.62). That is,
59). For correlators (2.61) this condition reads explicitly
The rest of the condition comes from equaling the charges associated to fields φ(z), X(z), and T (z). Those are
Notice that (2.64)-(2.67) exactly agree with (2.55)-(2.58). Let us show that, in addition, conditions (2.64)-(2.67) also agree with those obtained by integrating over the zero-modes of the fields in the path integral approach. In this approach, the correlation functions are defined as
Since β,β are 1-differentials and the γ,γ are 0-differentials, the Riemann-Roch on the Riemann surface of genus-g yields
69) which reduces to (2.63) when g = 0. On the other hand, the integration over the zero-mode φ 0 of field φ(z), yields 6
where the operators are now evaluated on the fluctuations φ(z) − φ 0 , the action S 0 corresponds to (2.4) with M = 0, and s is given by
This condition follows from the Gauss-Bonnet theorem on the sphere because of the existence of the background charge (2.5), and in the case g = 0 it coincides with (2.65).
The integration over the zero-modes of fields X(z) and T (z) is substantially simpler and yields 
Liouville strings in AdS 3
Besides the Coulomb gas prescription of [7] , another important tool in our discussion will be a close relation that exists between correlation functions in the H + 3 WZW theory and correlation functions in Liouville field theory. In the next subsection, we will briefly review the latter theory, and in subsection 3.2 we will review the precise correspondence between H + 3 WZW and Liouville observables.
Liouville field theory
Liouville theory naturally arises in the formulation of the two-dimensional quantum gravity and in the path integral quantization of string theory. It is also closely related to Einstein gravity in AdS 3 space, and to four-dimensional N = 2 superconformal gauge theories. This is a non-rational conformal field theory whose action reads
The background charge parameter takes the value Q = b+b −1 in order to render the potential barrier e √ 2bϕ an exact marginal operator. The central charge of Liouville theory is given by
Important objects of the theory are the exponential vertex operators
which are local primary operators of conformal dimension
A special case of operator (3.3) is the degenerate field of momentum α = −1/(2b),
which creates a non-normalizable state of dimension h −1/(2b) < −1/2 that is annihilated by the Virasoro operator
That is, vertex operator (3.5) is a degenerate field in the sense that it contains a null state in the Verma modulo.
Correlation functions in Liouville theory are formally defined as follows
In the case that at least one of the n operators in (3.6) has momentum α = −1/(2b), as in (3.5), the correlation function happens to solve the Belavin-Polyakov-Zamolodchikov (BPZ) equation.
On the spherical topology, generic correlation functions (3.6) admit the integral representation [25] 
Expression (3.7) makes sense for s ∈ Z ≥0 . However, it can be analytically continued to other (complex) values of s. For instance, in the case of the partition function, and the 2-and the 3-point functions (n = 0, 2, 3), integral (3.7) can be exactly solved in terms of the Dotsenko-Fateev formula [26, 27, 28] and the result can be extended to complex values of α i and b.
The H

+ 3 WZW -Liouville correspondence
In Ref. [29] , a remarkable connection between the H + 3 WZW correlation functions and Liouville correlation functions was derived. This is based on a previous work of Stoyanovsky [30] , who noticed a connection between the Knizhnik-Zamolodchikov and the BPZ equations. The correspondence between H + 3 WZW and Liouville correlators, as presented in [29] , states that n-point functions in the WZW theory are given by a convolution (2n−2)-point function of Liouville field theory, the latter involving n generic primary operators (3.6) and n − 2 degenerate operators (3.5). The formula of [29] was re-derived in Ref. [31] using the path integral approach, and then extended to arbitrary genus g ≥ 0. In Ref. [9] , Ribault proposed a generalization of the g = 0 formula to the case in which spectrally flowed states are included in the WZW correlator. The
is a constant independent of j i , m i , and z i , and where 8
Formula (3.9) has been proven in Ref. [9] for the case |∆ω| < n − 2; the case |∆ω| = n − 2, however, remained therein as a conjecture. In such case, the formula takes the suscinct form
This formula for |∆ω| = n − 2, which unlike |∆ω| < n − 2 can not be proven using BPZ equation because of the absence of degenerate fields on the right hand side of (3.11), has been reproduced in Ref. [17] by means of the Coulomb gas formalism described in the previous section. We will review this derivation in the next section, and this will be the first step to construct our method to compute winding violating amplitudes.
Tree-level string amplitudes in AdS 3
String amplitudes are defined by integrating correlation functions over the insertion of the vertices (the moduli) modulo the conformal Killing group (CKG) symmetries. At tree-level, one first considers the WZW correlation function (2.54) defined on the Riemann sphere, and then defines the string scattering amplitudes as
where the ellipses stand for the contribution of the internal CFT to the correlation functions. The integral in (4.1) is over n − 3 vertex insertions on CP 1 in order to cancel out the volume of the CKG, P SL(2, C). Without loss of generality, we can set z 1 = ∞, z 2 = 1, and z n = 0.
As explained before, correlation functions X ∆ω n can be defined by resorting to p operators of the representation (2.27) and n−p operators of the representation (2.36). In the next subsections we will analyze several particular cases of (2.50), which correspond to different values of p and, consequently, to different values of the total winding number.
Maximally winding violating amplitudes
As a first example, let us review the computation of the maximally winding violating amplitude, carried out in Ref. [17] . Nevertheless, in order to avoid redundancies, and with the purpose to prepare the ingredients for the discussion of the genus-1 case, here we will compute this observable in an alternative way. In [17] , the amplitudes of a scattering process of n strings in which the winding number conservation is violated in n − 2 was represented by the correlator
Working out the product of the multiplicity factor coming from the Wick contraction of the β-γ contribution, and resorting to the Dotsenko-Fateev integral representation [26, 27, 28] , expression (4.2) was shown to realize (3.9) exactly. Here, instead of starting from (4.2), we will prefer to compute the same observable but using the alternative representation
As discussed in subsection 2.5, the result has to be the same. However, as already said, prescription (4.3) is better suited for a path integral realization.
Expanding (4.3), one obtains
where s, in terms of the variables (3.10), is given by
The Wick contractions of the free fields yield the integral expression 9
To obtain this, one also has to consider the combinatoric factor coming from the Wick contraction of the β-γ system, now involving two operators with γ fields inserted at z 1 and z n . This factor can be seen to be
This expression yields the same integral representation as (4.2), cf. formula (24) of Ref. [17] . Therefore, the final results turns out to be the same as in [17] ; namely
which coincides with the formula conjectured in Ref. [9] for the maximally violating correlator. This shows with a particular working example how the prescription involving two operators in the representation (2.27) and n−2 operators in the representation (2.36) also leads to the correct result on the sphere topology, at least in the case of maximally winding violating correlators, ∆ω = 2 − n. Now, let us move to the case of next-to-maximally winding violating correlators.
Next-to-maximally winding violating amplitudes
The maximally winding violating correlators discussed above correspond to the case p = 1 in (2.50). Now, let us consider the case p = 2, which describes next-to-maximally winding violating amplitudes, i.e. with ∆ω = 3 − n. According to the prescription described before, this would be given by the correlator 9) which yields
9 Here, we have absorbed an irrelevant factor.
After Wick contraction of free field propagators, the integral representation of the correlator (4.10) yields WZW-Liouville correspondence formula (3.9). In addition, (3.9) includes the insertion of one degenerate operator V − 1 2b (x) that seems to be missing in (4.12). Such insertion would generate an additional factor
This does not mean that formula (4.12) is incorrect; in fact, the case n = 3 have been explicitly computed in [21, 6] and shown to reproduce, through a Melian transform, the correct result [33, 34] . What the lack of the extra insertion in x actually means is that the form (4.12) does not suffice to make the correspondence between H + 3 WZW and Liouville correlators manifest. In order to solve this inconvenient, one possible strategy would be trying to solve the Selberg type integral (4.13) by standard techniques and see whether it produces the right dependence on z i (i = 1, 2, ...n) and w r (r = 1, 2, ...s) needed to reproduce (4.12). However, this is not efficient; there is a more proactive strategy, which is trying to interpret the Liouville degenerate insertions V − 1 2b (x) from the AdS 3 worldsheet point of view. We will see that, in fact, the Liouville degenerate fields can be thought of as part of a dimension-(1, 1) field in the WZW theory 10 . This will allow us to give a general prescription for computing winding violating correlators and eventually "exponentiate" such operator. Let us see how it works: The first observation is that, in (3.9), the Liouville degenerate vertex comes with an accompanying factor
Besides, the OPE of the degenerate operator V − 1 2b
(x) and the other vertices gives
which, in particular, yields the following OPE with the Liouville screening operator
These x-dependent factors indicate how to interpret the insertion of an operator at x in the WZW theory side. If the original question was how to realize such a contribution from the string worldsheet point of view, the answer turns out to be that (4.13) can be realized by the introduction of the dimension-(1, 1) operator
which, besides, exhibits the regular OPE
This is quite interesting as it permits to undesrand the presence of the Liouville fields (3.5) from the string worldsheet point of view as a kind of a marginal deformation. Furthermore, the insertion of operator (4.17) happens to be consistent with the adequate charge conjugation conditions 19) and with the total winding number
In conclusion, the WZW correlator to be considered to describe a next-to-maximally winding violating process is
cf. (4.9). Taking into account (4.14)-(4.16), it is easy to verify that correlator (4.21) actually realizes the H + 3 WZW-Liouville correspondence formula (3.9) in the case ∆ω = 3 − n. This already suggests a prescription to compute winding violating amplitudes, which actually refines the formalism of [7] . In this new version, instead of inducing the violation of the winding number by playing with the relative amount of operators (2.27) and operators (2.36) in the correlator as in [7] , we are obtaining the same effect by inserting dimension-(1, 1) operators in the worldsheet. Roughly speaking, the role played by operatorṼ 21) is that of reducing the winding number violation in one unit, starting from the maximally violating case (4.3). In some sense, this method is the inverse of the Fateev-Zamolodchikov-Zamolodchikov prescription, reviewed by Maldacena and Ooguri in [3] , in which the insertion of the dimension-(0, 0) "spectral flow operator" plays the role of increasing the violation of the winding number in one unit.
Next-to-next-to-maximally winding violating amplitudes
Before going to the general case, let us test our proposal and gain intuition by seeing how it works in another special case: the next-to-next-to maximally winding violating amplitude. According to the new prescription we have just discussed, this would correspond to the correlator
where two operators (4.17) have been introduced. The charge compensation conditions in this case read
together with
Using the variables (3.10), condition (4.23) can be written as 26) which exactly matches the Liouville relation (3.8) for n + 2 operators with α n+1 = α n+2 = −1/(2b). In addition, one observes that
which exactly reproduces the contribution 27) also present in the formula (3.9). Therefore, also in the case |∆ω| < n − 3, the correct expression for the WZW correlators on the sphere is obtained from the Coulomb gas realization
This confirms that the presence of the dimension-(1, 1) operatorṼ −2 1−k,k,k (x) in the correlator controls the winding number conservation. The question whether the introduction of a dimension-(1, 1) operator could be behind the violation of the winding number had already been raised in Ref. [36] , where a no-go argument for the existence of such operator was presented. The argument therein was basically that if such operator existed then this would lead to a violation of the winding number in an arbitrary amount which in principle could violate the bound |∆ω| ≤ n − 2. The reason why here we managed to circumvent this obstruction is the contribution (4.27) in the integrand when computing the correlator. As explained in [16] , the accumulation of factors |x a − x b | 2 in the integrand of the Dotsenko-Fateev type formula can eventually yield a vanishing result 11 . This is what happens, for instance, in sine-Liouville theory, where the violation of the winding number is also bounded from above although it is precisely produced by the screening operators of the theory [16] .
Based on (4.28), we have all the ingredients to state the general prescription. However, we will postpone this to subsection 5.2, where we will present a more general case that will be valid both for genus-zero (g = 0) and for genus-one (g = 1) correlation functions 5 Genus-one amplitudes in AdS 3
On winding number violation at genus-g
Before going into the discussion of the Coulomb gas representation of genus-1 correlators, let us make a digression about the bound on the violation of the winding number on a genus-g surface. The argument follows from factorization of the g-loop process or, in other words, from the seewing of the genus-g Riemann surface: An n-string scattering amplitudes at g loops is associated to a genus-g n-puncture surface, which can always be decomposed in 3g − 3 + n tubes and 2g − 2 + n trinions. In principle, as it happens in the sphere, in a genus-g amplitude with n external states the total winding number can be violated; namely, there are in principle non-vanishing amplitudes satisfying ∆ω ≡ n e=1 ω e = 0.
(5.1)
Then, the question is whether there is a natural upper bound for |∆ω| as a funcion of n and g. Factorizing the n-string amplitude, and taking into account that for g = 0, n = 3 one has |∆ω| ≤ 1, one finds the bound |∆ω| ≤ n − 2 + 2g. To see this explicitly, consider
where the sum with index V in (5.2) runs over the 2g − 2 + n vertices (trinions) of the diagram, with ω (V ) l being the winding number of the l th state (l = 1, 2, 3) converging in the V th trinion. This yields
where we have used that on each trinion, i.e. on each 3-puncture sphere, |∆ω| ≤ 1. In particular, we conclude that the natural bound for |∆ω| in a 1-loop n-string amplitudes is |∆ω| ≤ n. This is consistent with the result of [31] , which shows that the genus-g WZW correlation functions that preserve the winding are described by (2n − 2 + 2g)-point Liouville correlators with n degenerate insertions. It is natural to especulate that, as it happens with the sphere, removing a denerate field from the dual Liouville genus-g correlator would result in increasing the winding number violation in 1 unit, and in principle one can iterate this procedure ad nutum. Nevertheless, it is worth pointing out that upper bound (5.3) is kinematical and does not mean that there are no stricter dynamical bounds in the theory. For instance, one expects the winding number to be conserved in the 2-point functions.
A general prescription
The n-string scattering amplitudes in AdS 3 at g loops is given by n-point correlation functions of the SL(2, R) WZW theory on the genus-g surface. As discussed in section 4, in a genus-g n-point function (with g = 0, 1) that involves n + fieldsṼ
(z l ) (with l = n + + 1, n + + 2, ...n), and d fieldsṼ
the amount of screening operators, s, is given by
which, written this in terms of Liouville variables (3.10), reads
The integration over the zero-mode of the fields X(z) and T (z), on the other hand, yields
Making contact with the formula (3.9) and its genus-1 generalization of Ref. [31] , and demanding the amount of degenerate fields in the Liouville correlator to match the amount of operatorsṼ
This means that the WZW correlators have to be defined with n + = n − 2 and n − = 2 at genus g = 0, and with n + = n and n − = 0 at genus g = 1. Then, at genus g = 0 the prescription is (4.28), which yields
. By construction, this exactly matches (3.9). At genus-1, on the other hand, the n-point function involves n fieldsṼ
, and it is given by the correlator 12
, (5.9)
In the next subsections, we will discuss the free field realization of (5.9) on the torus.
The theory on the torus
In order to extend out Coulomb gas formalism to the case of 1-loop amplitudes it is necessary to formulate the free field theory on the genus-1 surface: Consider a genus-1 surface of modular parameter τ = τ 1 + iτ 2 , with τ 1,2 ∈ R. This is defined as C/Γ, with Γ being the lattice generated by the operations
When trying to define the theory (2.4) on the torus, one could be tempted to impose the invariance of the fields under (5.10); however, this is too restrictive. There are twisted sectors in the theory that, while leaving (2.4) invariant, are quasi-periodic in the fields [13] . These sectors are defined by imposing the following conditions for the fields on the lattice
together with 12) with (q, p) ∈ Z 2 and λ ∈ C being an arbitrary variable with real part Re(λ) = (λ +λ)/2 and imaginary part Im(λ) = (λ −λ)/(2i). Different values of λ describe different twisted sectors of the theory. On the torus, there is a unique non-constant classical solution of the equations of motion satisfying the above boundary conditions [13, 31] . This corresponds to β 0 = γ 0 = 0 and φ 0 (z) = 2π 2(k − 2)Im(z)Im(λ)/Im(τ ). Then, it is convenient to decompose the field φ(z) in its classical part φ 0 (z) and its fluctuations φ(z) − φ 0 (z). While the correlators will be computed in terms of operators evaluated on the fluctuations, an overall factor gathering the exponential fields evaluated on the classical solution could appear; see [31] .
As we will see, the relevant contribution in the genus-g correlators will come from the exponential part of the vertex operators. Then, the main ingredient we need is the Green function on the torus. This is given by 13) where the δ (2) (z) is the periodic Dirac δ-function on C with the required identifications; namely
The second term on the right hand side of (5.13) is the background charge. It stands in the Poisson equation to cancel the charge of the single particle on the compact surface; it corresponds to a charge density uniformly distributed over the volume of the torus, Im(τ ).
The solution to (5.13) is given by 15) where θ 1 is the Jacobi function
) 2 τ +2πi(n+ 1 2 )(z+ χ(x a − z i |τ ) An overall factor | det ∂∂ λ | −1 also appears in (5.9). This comes from the β,β fields, and the subscript λ refers to the determinant on twisted differentials. It has been shown in [13] that, surprisingly, this determinant is associated to the quotient between the genus-1 partition function of the WZW theory and that of a free field theory with a background charge. This has been used in [31] to work out a genus-1 generalization of the H + 3 WZW-Liouville correspondence and relate the corresponding partition functions.
The one-loop string amplitudes are then given by integrating the genus-1 correlation functions over the inserting points of the vertex operators. Formaly, one has 22) where the ellipses stand for the contribution of the internal CFT. In (5.22), we are integrating over the n vertex operators, what amounts to average over the inserting points of the n th operator in order to cancel out the volume of the CKG. On the torus, the latter corresponds to the translations, and then it generates the measure d 2 z n (2Im(τ )) −1 . In string theory, one typically integrates over the fundamental region F 0 : (|τ | > 1, Re(τ ) < 1/2, Im(τ ) > 0), in order to avoid redundancies under the P SL(2, Z) modular transformations. In Ref. [13] the integration over the fundamental region was discussed in relation to the twisted sectors of the H + 3 WZW model. In Ref. [2] , the discussion of [13] was reconsidered taking into account the contribution of the spectrally flowed sectors, and the string theory one-loop partition function was shown to be modular invariant. We will not repeat these discussions here; instead, we refer to the Refs. [13, 7] and Ref. [31] .
Exponentiation
In conclusion, we have presented a Coulomb gas representation of n-point correlation functions in the SL(2, R) WZW model which is suitable to compute three-level and one-loop scattering amplitudes of winding string states in AdS 3 space. This is a refined version of the free-field formalism of Ref. [7] , which has shown to describe correctly the maximally winding violating processes [6, 17] . Here, we have extended such formalism in two directions: On the one hand, we have explained how to compute the next-to-maximally winding violating process. On the other hand, he have proposed a prescription to extend the computation to the genus-1 Riemann surface. A central role in such prescription is played by the dimension-(1, 1) operator [?], which we have identified as the object that controls the winding number conservation. This follows from interpreting the degenerate fields that appear in the H + 3 WZW-Liouville correspondence from the AdS 3 worldsheet point of view. That is, our prescription follows from writing WZW correlation functions as the convolution of Liouville field theory correlation functions. This is consistent with the exponentiation of the operator (4.17), which therefore can be thought of as a perturbation of the action. Explicitly, the genus-g correlation functions (with g = 0, 1) result to be given by It is worth noticing that, in addition to operatorṼ
